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We investigate equatorial geodesics in the gravitational field of a rotating and deformed
source described by the approximate Hartle-Thorne metric. In the case of massive parti-
cles, we derive within the same approximation analytic expressions for the orbital angular
velocity, the specific angular momentum and energy, and the radii of marginally stable
and marginally bound circular orbits. Moreover, we calculate the orbital angular velocity
and the radius of lightlike circular geodesics. We study numerically the frame dragging
effect and the influence of the quadrupolar deformation of the source on the motion of
test particles. We show that the effects originating from the rotation can be balanced by
the effects due to the oblateness of the source.
Keywords: Equatorial geodesics; Hartle-Thorne solution; quadrupole moment; frame
dragging.
PACS numbers: 04.20.-q; 04.20.Cv; 04.25.-g; 04.25.Nx; 04.25.D
1. Introduction
In general, observed astrophysical objects are characterized by a non-spherically
symmetric distribution of mass and by rotation. In many cases, like ordinary planets
and satellites, it is possible to neglect the deviations from spherical symmetry and
the frame dragging effect, so that the gravitational field can be described by the
exterior Schwarzschild solution. In fact, the three classical tests of general relativity
make use of the Schwarzschild spacetime in order to describe gravity within the
Solar system.1 In the case of strong gravitational fields, however, the deviation
from spherical symmetry and the rotation become important and must be taken
into account, at least to some extent.
The first metric describing the exterior field of a slowly rotating slightly deformed
object was found by Hartle and Thorne2, 3 in 1968. Alternative methods were pro-
posed independently by Fock and Abdildin4, 5 and Sedrakyan and Chubaryan.6 Only
1
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recently, it was shown that in fact all these approaches are equivalent from a mathe-
matical point of view.7, 8 At the level of the interpretation of the parameters entering
the metric used in each approach, certain differences can appear which could make
a particular approach more suitable for the investigation of certain problems.
For the purpose of the present work, it is convenient to use the Hartle-Thorne
formalism which leads to an approximate metric describing, up to the first order
in the quadrupole and the second order in the angular momentum, the exterior
gravitational field of a rotating deformed object. We will use in this work the Hartle-
Thorne metric in the form presented by Bini et al.9 which in geometrical units is
given by
ds2 = −
(
1− 2M
r
)[
1 + 2k1P2(cos θ) + 2
(
1− 2M
r
)
−1
J2
r4
(2 cos2 θ − 1)
]
dt2
+
(
1− 2M
r
)
−1
[
1− 2k2P2(cos θ)− 2
(
1− 2M
r
)
−1
J2
r4
]
dr2
+r2[1− 2k3P2(cos θ)](dθ2 + sin2 θdφ2)− 4
J
r
sin2 θdtdφ , (1)
where
k1 =
J2
Mr3
(
1 +
M
r
)
− 5
8
Q− J2/M
M3
Q22
( r
M
− 1
)
, k2 = k1 −
6J2
r4
,
k3 = k1 +
J2
r4
− 5
4
Q− J2/M
M2r
(
1− 2M
r
)
−1/2
Q12
( r
M
− 1
)
. (2)
Here P2(cos θ) =
1
2
(3 cos2 θ − 1) is Legendre polynomial of the first kind, Qml are
the associated Legendre functions of the second kind determined as
Q12(x) = (x
2 − 1)1/2
[
3x
2
ln
x+ 1
x− 1 −
3x2 − 2
x2 − 1
]
,
Q22(x) = (x
2 − 1)
[
3
2
ln
x+ 1
x− 1 −
3x3 − 5x
(x2 − 1)2
]
, (3)
and the constants M , J and Q are the total mass, angular momentum and mass
quadrupole moment of the rotating object, respectively (for more details see Refs. 2
and 3).a
The approximate Kerr metric10 in Boyer-Lindquist coordinates can be obtained
from the above Hartle-Thorne metric after setting
J = −Ma, Q = J2/M, (4)
aWe note here that the quadrupole parameter Q is related to the mass quadrupole moment defined
by Hartle and Thorne3 through Q = 2J2/M −QHT .
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and making a coordinate transformation implicitly given by
t = t, φ = φ,
r = R+
a2
2R
[(
1 +
2M
R
)(
1− M
R
)
− cos2 Θ
(
1− 2M
R
)(
1 +
3M
R
)]
,
θ = Θ+
a2
2R2
(
1 +
2M
R
)
sinΘ cosΘ. (5)
The Kerr metric is important to investigate the physical processes taking place
around rotating black holes, i.e., the source with probably the strongest possible
gravitational field. The role of rotation is essential in the physics of accretion disks
and energy extraction from a black hole. Moreover, depending on the direction of the
rotation, the radius of the accretion disk can be larger or smaller with respect to the
Schwarzschild case. The situation changes when one involves compact objects such
as white dwarfs, neutron stars and quark stars as they have additional parameters
to be taken into account. The combination of the strong field with the quadrupolar
deformation of the source plays a pivotal role when one considers the motion of test
particles.
There exist many exact solutions that include a quadrupole parameter. The im-
portance of the quadrupole moment in the astrophysical context has been empha-
sized in several works.9, 11–15 However, most analysis must be performed numerically
due to the complexity of the exact metrics. The advantage of considering the Hartle-
Thorne approximate solution is that several physical quantities can be calculated
analytically which facilitates their study. We will prove below that this is possible for
a particular set of geodesics. In this work, we are interested in studying the motion
of test particles in the Hartle-Thorne spacetime. Therefore, we will perform both
analytical and numerical analysis of the timelike and lightlike geodesic equations. In
particular, we are interested in comparing the effects of the quadrupole and angu-
lar momentum parameters within the approximation allowed by the Hartle-Thorne
metric.
2. Geodesic Equations: Analytic Results
In this work, we will make use the timelike normalization condition UαUα = −1
which for equatorial circular geodesics is equivalent to
gtt(U
t)2 + 2gtφU
tUφ + gφφ(U
φ)2 = −1 , U t = dt(s)
ds
, Uφ =
dφ(s)
ds
. (6)
Sometimes the following convenient notations are used for the four-velocity of equa-
torial circular geodesics
U t = Γ, Uφ = Γζ, (7)
where Γ is the normalization factor and ζ is the orbital angular velocity.
Using the fact that the Hartle-Thorne solution possesses two Killing vector fields
∂t and ∂φ, which determine two constants of motion, from the geodesic equations
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for equatorial circular orbits (θ = pi/2 and r = const), we obtain
gtt,r(U
t)2 + 2gtφ,rU
tUφ + gφφ,r(U
φ)2 = 0, (8)
where a comma indicates partial differentiation. Then, a straightforward computa-
tion yields
(r − 2M)
{
M
r3
[
dt(s)
ds
]2
−
[
dφ(s)
ds
]2}
− 2M
2(r − 2M)
r3
dt(s)
ds
dφ(s)
ds
j
+
{
A1(r)
[
dt(s)
ds
]2
+A2(r)
[
dφ(s)
ds
]2}
j2
+
{
A3(r)
[
dt(s)
ds
]2
+A4(r)
[
dφ(s)
ds
]2}
q = 0, (9)
where we introduced the dimensionless quantities j = J/M2 and q = Q/M3 and
new functions defined as
A1(r) = −
16M5 − 42M4r − 30M3r2 + 25M2r3 + 30Mr4 − 15r5
8Mr5
−B1(r),
A2(r) =
48M6 − 64M5r + 12M4r2 − 70M2r4 + 15Mr5 + 15r6
8Mr4
−B2(r),
A3(r) = −
5(6M4 + 6M3r − 5M2r2 − 6Mr3 + 3r4)
8Mr4
+B1(r),
A4(r) =
5(14M2 − 3Mr − 3r2)
8M
+B2(r),
B1(r) =
15(4M3 − 3Mr2 + r3)
16M2r2
ln
r
r − 2M ,
B2(r) =
15(4M3 − 6M2r + r3)
16M2
ln
r
r − 2M . (10)
This expansion in terms of the quadrupole and angular momentum parameters can
be used to derive analytical expressions for the parameters that characterize the
orbits of the test particles.
2.1. The orbital angular velocity for test particles (ζ = Uφ/U t)
Starting from the r component of the geodesic equation and using the fact that r
and θ are both constant on circular equatorial orbits, one easily derives the following
expression for the angular velocity:
ζ(r) =
−gtφ,r ±
√
(gtφ,r)2 − gtt,rgφφ,r
gφφ,r
. (11)
Performing an analysis similar to the one carried out in the previous section, we
finally obtain
ζ(r) = ±ζ0(r)
[
1∓ F1(r)j + F2(r)j2 + F3(r)q
]
, (12)
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where
ζ0(r) =
M1/2
r3/2
, F1(r) =
M3/2
r3/2
,
F2(r) = [16M
2r4(r − 2M)]−1[48M7 − 80M6r + 4M5r2 + 42M4r3
−40M3r4 − 10M2r5 − 15Mr6 + 15r7]− F (r),
F3(r) = −
5(6M4 − 8M3r − 2M2r2 − 3Mr3 + 3r4)
16M2r(r − 2M) + F (r),
F (r) =
15(r3 − 2M3)
32M3
ln
r
r − 2M . (13)
This expression for the orbital angular velocity of a test particle at the equato-
rial plane can be used to determine the mass shedding limit of the source in general
relativity.17, 19 Moreover, in X-Ray astronomy, the orbital angular velocity is associ-
ated with the upper frequency of the quasiperiodic oscillations.16–18, 20 The analytic
expression obtained here leads to results that are in agreement with those obtained
by using pure numerical methods.
2.2. The orbital angular velocity for photons (ζph = U
φ/U t)
In the case of lightlike geodesics, we can use the expression for the norm of the
corresponding 4-velocity to calculate its components. Evaluating Uφ and U t directly
from the Hartle-Thorne line element, we then obtain for the orbital angular velocity:
ζph(r) = ±ζph0(r)
[
1∓W1(r)j +W2(r)j2 +W3(r)q
]
, (14)
where
ζph0(r) =
(r − 2M)1/2
r3/2
, W1(r) =
2M2
r3/2(r − 2M)1/2 ,
W2(r) =
24M6 + 12M5r − 8M4r2 + 15M3r3 − 10M2r4 − 30Mr5 + 15r6
8Mr4(r − 2M) +W (r),
W3(r) = −
5(3M3 − 2M2r − 6Mr2 + 3r3)
8Mr(r − 2M) −W (r),
W (r) =
15(M2 +Mr − r2)
16M2
ln
r
r − 2M . (15)
2.3. The specific energy per unit mass (ε = −Ut) for test particles
The specific energy per unit mass ε is usually used to estimate the radius of
marginally (innermost) bound orbits of test particles. Thus, this radius determines
the stable region which is essential for the formation of accretion disks. Evaluating
Ut from the line element, one obtains
ε =
gtt + ζgtφ√
−gtt − 2ζgtφ − ζ2gφφ
, (16)
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ε = ε0
[
1∓H1(r)j +H2(r)j2 +H3(r)q
]
, (17)
where
ε0 =
r − 2M
r1/2(r − 3M)1/2 , H1(r) =
M5/2
r1/2(r − 2M)(r − 3M) ,
H2(r) = −[16Mr4(r − 2M)(r − 3M)2]−1[144M8 − 144M7r − 28M6r2 + 122M5r3
+184M4r4 − 685M3r5 + 610M2r6 − 225Mr7 + 30r8] +H(r),
H3(r) =
5(r −M)(6M3 + 20M2r − 21Mr2 + 6r3)
16Mr(r − 2M)(r − 3M) −H(r),
H(r) =
15r(8M2 − 7Mr + 2r2)
32M2(r − 3M) ln
r
r − 2M . (18)
2.4. The specific angular momentum per unit energy (l = −Uφ/Ut)
As we will see below, the specific angular momentum for test particles per unit
energy l is crucial for the determination of the marginally (innermost) stable orbits
of test particles forming accretion disks. Calculating Uφ and Ut, we obtain the
following analytic expression for l
l = −gtφ + ζgφφ
gtt + ζgtφ
, (19)
l = ±l0
[
1∓G1(r)j +G2(r)j2 +G3(r)q
]
, (20)
where
l0 =
M1/2r3/2
r − 2M , G1(r) =
M3/2(3r − 4M)
r3/2(r − 2M) ,
G2(r) = [16M
2r4(r − 2M)2]−1[96M8 − 112M7r − 8M6r2 + 72M5r3
−18M4r4 − 220M3r5 + 260M2r6 − 105Mr7 + 15r8]−G(r),
G3(r) =
5(6M4 − 22M2r2 + 15Mr3 − 3r4)
16M2r(r − 2M) +G(r),
G(r) =
15(2M3 + 4M2r − 4Mr2 + r3)
32M3
ln
r
r − 2M . (21)
2.5. Radius of the photon, innermost bound and innermost stable
orbits
The normalization condition PαPα = 0 gives the photon orbit, rph, where P
α is the
photon four-momentum and for circular orbits α = t, φ. Indeed the normalization
condition PtP
t + PφP
φ = 0 gives the orbital angular velocity for the photon ζph,
but Γph remains arbitrary. To determine the photon orbit, rph, first one should
use the above expression for ζph and then evaluate the four-acceleration a
α. For a
circular geodesic aα = 0, and only from this condition one can determine rph. Note,
alternatively it is also convenient to use the condition U t = 0 to find rph. Moreover,
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in order to determine the radius of the innermost (marginally) bound circular orbits
rmb one should use the condition ε = 1. In addition, the condition dl/dr = 0 allows
one to find the radius of the innermost stable circular orbits, rms. Here we used the
methods of perturbation theory and the results of these calculations are:
rph = 3M
[
1± 2
√
3
9
j +
(
1751
324
− 75
16
ln 3
)
j2 +
(
−65
12
+
75
16
ln 3
)
q
]
, (22)
rmb = 4M
[
1∓ 1
2
j +
(
8033
256
− 45 ln 2
)
j2 +
(
−1005
32
+ 45 ln 2
)
q
]
, (23)
rms = 6M
[
1± 2
3
√
2
3
j +
(
−251903
2592
+ 240 ln
3
2
)
j2 +
(
9325
96
− 240 ln 3
2
)
q
]
. (24)
2.6. The epicyclic frequencies
Finally, we mention that using the Hartle-Thorne line element it is possible to derive
the radial and vertical fundamental frequencies.20 The application of these frequen-
cies to the observed quasiperiodic oscillations from the low-mass X-ray binaries has
been considered on the basis of the relativistic precession model.21 All the epicyclic
frequencies have been derived in previous works.16–18, 22, 23 With the method pro-
posed in this work we obtained equivalent results after applying the redefinition
Q→ 2J2/M −Q or q → 2j2 − q.
3. Equatorial Geodesics: Numerical Results
It is convenient to investigate the motion of test particles numerically in the Hartle-
Thorne spacetime as the full set of equations is cumbersome even for the equatorial
plane. We select different values for the parameters of the source and initial condi-
tions for test particles to consider all types of trajectories. The results of the numer-
ical integration of timelike geodesics are shown in Figs. 1-3. In Fig. 1 (left panel),
we analyze the motion of a test particle in the field of a static and deformed source.
As one can see, the quadrupole parameter generates different deviations from the
Schwarzschild spacetime, depending on its value and sign. The frame dragging effect
is illustrated in Fig. 1 (right panel) for a spherically symmetric source. The drag
strengthens as the test particles approach the source. The influence of the frame
dragging effect on the circular motion has considered in Ref. 15 for one revolution
of the test particle. By analyzing the behavior of the test particles with the certain
initial conditions, it is possible to select the values of J and Q in order to recover
circular geodesics, i.e., the effects caused by the deformation of the source can be
balanced by its rotation and vice-versa (see Ref. 15).
Unbound orbits are shown in Fig 2 (left panel), where we change only the initial
angular component of the velocity vφ = φ˙. The remaining quantities are fixed for
the sake of comparison. For different values of Q, we obtain the plot of Fig. 2 (right
panel), whereas in Fig. 3 (left panel) we present the results for different values of J .
June 18, 2018 7:48 WSPC/INSTRUCTION FILE geo˙ht
8 K. A. Boshkayev et al.
Fig. 1. (left) Motion of a test particle in the field of a static deformed object. The parameters
of the system are M = 1, J = 0, r = 7, φ = pi/2, r˙ = 0, φ˙ = 0.07145. (right) Frame
dragging. The parameters of the system areM = 1, Q = 0, r = 7, φ = pi/2, r˙ = 0, φ˙ = 0.
Fig. 2. (left) Unbound orbits. The parameters of the system are M = 1, J = 0, Q = 0, r =
20, φ = 0, r˙ = −4, vφ = φ˙. (right) The parameters of the system are M = 1, J = 0, Q 6=
0, r = 20, φ = 0, r˙ = −4, φ˙ = 0.06.
Due to this interplay between the initial conditions of the test particles and the
parameters of the source, one can construct all kind of geodesics. An example of
a double loop trajectory, which is missing in classical physics, is shown in Fig. 3
(right panel). From here we conclude that the parameters of the geodesic motion
can be used to determine the main parameters of the source such as M , J and Q.
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Fig. 3. (left) Unbound orbits. The parameters of the system are M = 1, J 6= 0, Q = 0, r =
20, φ = 0, r˙ = −4, φ˙ = 0.06.(right) Double loop. The parameters of the system are M =
1, J = 0, Q = 0.8874, r = 20, φ = 0, r˙ = −4, φ˙ = 0.06.
4. Conclusion
In this work, we have explored geodesics in the Hartle-Thorne spacetime both ana-
lytically and numerically. We considered the geodesics on the equatorial plane and
investigated the role of the quadrupole parameter, as well as the frame dragging
effect on the motion of test particles. We investigated bounded and unbounded or-
bits varying the initial conditions of the test particles and the main parameters of
the source. We conclude that using different combinations of both initial conditions
and main parameters, one can generate many different geodesic curves.
In all our computations we used the methods of perturbation theory. Our results
have the same order of approximation as the Harte-Thorne solution. Namely, we
derived the expressions for the orbital angular velocity, energy, orbital angular mo-
mentum for test particles and orbital angular velocity for photons. In turn, with the
help of these expressions we obtained the radii of the innermost bound, innermost
stable and photon orbits.
All the analytic expressions obtained here and in Refs. 20 and 21 are in agreement
with the results of Refs. 16–18,22 and 23, if one redefines q → 2j2 − q.
We briefly discussed some applications of our theoretical results in the astro-
physical context. In fact, the results presented in this paper can be applied to study
the physics of accretion disks, the motion of test particles near the source and the
epicyclic frequencies; all these aspects are of high relevance and importance in rela-
tivistic astrophysics and X-ray astronomy. For instance, using epicyclic frequencies
and quasiperiodic oscillation data, one can test the strong field regime of general rel-
ativity, determine the parameters of the gravitational source and test the equations
of state of compact objects.
In a future work, we expect to apply the analytic expressions we obtained in
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the present work in the context of observational astrophysics. Furthermore, the
investigation of the stability of the geodesics and the structure of the accretion disks
are crucial to understand the physical properties of the Hartle-Thorne spacetime.
We expect to perform such an analysis in a future work by applying the procedure
shown, for instance, in Ref. 24.
Acknowledgements
This work was supported by the Ministry of Education and Science of the Republic
of Kazakhstan Grants No. 3101/GF4 IPC-11/2015 and No. 1597/GF3 IPC-30.
References
1. C. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, 1st edn. (W. H. Freeman,
San Francisco, 1973).
2. J. B. Hartle, Astrophysical J. 150, 1005 (1967).
3. J. B. Hartle and K. S. Thorne, Astrophysical J. 153, 807 (1968).
4. V. A. Fock, Theory of Space, Time and Gravitation, 1st edn. (Pergamon Press, Lon-
don, U.K., 1959).
5. M. M. Abdildin, The Problem of Bodies’ Motion in General Relativity, 1st edn.
(Kazakh University Press, Almaty, 2006) (in Russian).
6. D. M. Sedrakyan and E. V. Chubaryan, Astrophysica 4, 239 (1968).
7. K. Boshkayev, H. Quevedo and R. Ruffini, Phys. Rev. D 86, 064043 (2012).
8. K. Boshkayev, H. Quevedo, S. Toktarbay and B. Zhami, On the equivalence of approxi-
mate stationary axially symmetric solutions of Einstein field equations, in preparation.
9. D. Bini, A. Geralico, O. Luongo and H. Quevedo, Class. Quant. Grav. 26, 225006
(2009).
10. R. P. Kerr, Phys. Rev. Letters 11, 237 (1963).
11. H. Quevedo and L. Parkes, General Relativity and Gravitation 21, 1047 (1989).
12. H. Quevedo, Int. J. Mod. Phys. D 20, 1779 (2011).
13. D. Bini, K. Boshkayev, A. Geralico, Class. Quantum Grav. 29, 145003 (2012).
14. L. A. Pacho´n, J. A. Rueda and C. A. Valenzuela-Toledo, Astrophysical J. 756, 82
(2012).
15. D. Bini, K. Boshkayev, R. Ruffini and I. Siutsou, Il Nuovo Cimento C 36, 1 (2013).
16. M. A. Abramowicz et al., Circular geodesics in the Hartle-Thorne metric,
arXiv:0312070.
17. G. Torok, P. Bakala, E. Sramkova, Z. Stuchlik and M. Urbanec, Astrophysical J. 714,
748 (2010).
18. M. A. Abramowicz and W. Kluzniak, Astrophysics and Space Science 300, 127 (2005).
19. K. Boshkayev, J. A. Rueda, R. Ruffini and I. Siutsou, Astrophysical J. 762, 14 (2013).
20. K. Boshkayev, D. Bini, A. Geralico, M. Muccino, J. A. Rueda and I. Siutsou Gravita-
tion and Cosmology 20, 233 (2014).
21. K. Boshkayev, M. Muccino and J. A. Rueda, Astronomy Reports 59, 441 (2015).
22. Z. Stuchlik, A. Kotrlova, G. Torok and K. Goluchova, Acta Astronomica 64, 45 (2014).
23. Z. Stuchlik, M. Urbanec, A. Kotrlova, G. Torok and K. Goluchova, Acta Astronomica
65, 169 (2015).
24. K. Boshkayev, E. Gasperin, A.C. Gutierrez-Pineres, H. Quevedo and S. Toktarbay,
Motion of test particles in the field of a naked singularity, to appear in Phys. Rev. D,
arXiv:1509.03827.
